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IMBOOJCTIOH 

Bart  I of  this  series,  consisting  of  three  sections: 

1.  Mathematical  Background. 

2.  Theoretical  Development. 

3.  Treatment  of  Single  Frequency  input, 
was  Issued  as  D4-279. 

Part  n,  consisting  of  four  sections: 

4.  Application  to  Single  Sioeband  Signals, 
y.  Effect  of  Doppler. 

6.  Lower  Sideband  and  Double  Sideband  Operation. 

7-  Effect  of  Finite  Duration  of  Sample, 
was  Issued  as  TM-3Q2. 

\ -Oia.  <<J  bcuky^.J  err. 

Appendix  A systematises  the  material  from  Section^,  scat;  - 
what,  and  extends  the  formal  treatment  to  form  a broader  mathema- 
tical background  for  future  developments  in  this  series. 

(V- 


additional  Fourier  transform  relations  are  needed  es  background  for 
further  development  of  the  treat— nt  of  cyclic  phono—  with  periodic  ptoses  dis- 
continuities. For  this  purpose  it  is  convenient  to  return  to  funds— ntals,  vith 
the  result  tint  so—  of  the  relations  in  sections  1 end  8 any  he  developed  or  re- 
stated. in  what  follows  it  will  he  assu—d  that  the  functions  discussed  ere  —11- 
fBBotians  in  the  sense  that  their  Fourier  trensfor—  and  larera*  Fourier 


transfer—  exist.  1*»ie  innlmios  the  generalised  functions  — defined  sad  dis- 
cussed by  LlghtMlA 

She  definition  -of  X(f)  es  the  Fourier  tre— f on  of  x(t),  sad  the  squiva- 
leat  inverse  Fourier  tnansfcns  relation,  nay  be  expressed  respectively  in  the  for—  *: 


A-la 

1-lb 


X(f)  ■ 9^  s(t)  ■ J x(t)  «®(-2nif*)dt  , 

x(t)  - t^1  X(f)  ■ J*  X(f)  exp(2nift)df  . 

Interchange  of  f and  t in  agnations  (1-1)  results  in 
X(t)  - »n  x(f)  • | x(f)  exp( -Swift )df  , 

x(f ) • 9^*  X(t)  - J*  X(t)  exp(  Swift  )4t  . 

Replace— nt  of  f by  -f  in  (A-8)  gives 

X(t)  - J x(-  f)  sxp(2nift)df  - x(-f)  , 


A-2b 


• jo  this  paper  all  integration*  are  assumed  to  bs  taken  over  the  significant  region 
of  the  integrand  unless  otherwise  Indicated,  and  are  thus  effectively  equivalent  to 
integration  ft—  -•  to  «*  even  though  — Unite  are  shown.  , . 

6 M.  J.  Lighthill,  "An  Introduction  to  Fourier  Analysis  and  generalised  Functions," 
CueVrilge  Unix.  Frees,  1958. 


A-l 


*(-f)  » X X(t)  exp(-2nlft)dt  - X(t)  , A-5b 

Similarly,  replacement  of  f by  -f  and  t by  -t.  in  (A-l)  leads  to 

X(-f)  - X x(“t)  exp(-2nift)dt  « 9^  x(-t)  , A-Aa  . 

x(-t)  • X X(-f)  e*p(2TriJrt)df  - X(-f)  . A~kb 

The  spectrum  Is  represented  by  the  Fourier  transform  of  the  eorrespondlxai 
vavefotrm,  and  conversely  the  waveform  is  given  by  the  inverse  Fourier  transform  of 
the  spectrum. 

Thus  from  A.1  ve  bare 

Spec  x(t)  n x(t)  - X(f)  , ' • 1.1 

wave  X(f)  e O^*1  X(f)  - x(t)  1-2 

as  noted  in  section  1. 

Also  (A- 3b)  and  (A-ta)  respsctively  give 

spscX(t)  - ff%fX(t)  - x(-f)  l-l£ 

and 

spec  x(-t)  - ®tf  x(-t)  - X(-f)  . 1-17 

She  shove  waveform  • spectrum  relations,  along  with  some  other  special  rela- 
tione  from  section  1 are  listed  In  Table  1 for  convenient  reference.  Most  of  these 
relations  are  listed  by  Woodward  on  p.  ?8  of  Reference  5,  or  nay  be  obtained  quite 
simply  from  others  which  he  lists.  Other  waveform-spectrum  pairs  la  Sable  1 may  be 
Obtained  from  Idghthlll  (p.  of  ref.  6)  with  toms  changes  in  notation.  Thus  the 
signun  function, 

A-fc 


A 


a ay  be  used  to  define  the  step  function 
step  t « [1  + sgn  t]/2 
She  corresponding  spectre  ere  given  ee 


A-5b 


■pee  sgn  t 

end 

■pec  step  t 


1/trif 

[•(f)  ♦ l/rtfV2  . 


a-6 


A-T 


! 


i 


Let  ue  represent  the  Fourier  trensforaetlon  of  the  functlonel  combination 
♦[t,  u< v(t)]  by  ?Cf,  V(t),  •••>  W(f)3.-  We  nay  thus  write 


spec  f[t,  u(t)3  • T[f,  U(f )3  *-8a 

and  corresponding  to  (i-l6) 

spec  T[t,  U(t)3  • tC-f»  'di-t)],  A-8b 

or,  equivalently, 

spec  T[-t,  U(-t)3  - t[f,  u(f)3  - A*8c 

It  is  seen  that  replacenent  of  lf(t)  in  (A-Cb)  by  u(t)  gives 

spec  f[t,  u(t)3  - tC-f,  Tf(f  )]  . A-9e 

8inllarly,  replacenent  of  U(-t)  In  (A-8c)  by  u(t)  gives 

spec  ff-t,  u(t)]  - f[f,  0(f)]  . A-9b 

It  follows  frcn  (A-9a)  and  (A-<?b)  that  If  either 

A~J 


*t-f.  0(f)]  - t[r,  0(f)]  A- 10. 

or 

f|>t,  u(t)]  - T[t,  u(t)3  A-lOb 

Is  true,  then 

spec  Y[t,  u(t)3  - f[f,  U(f)]  . A-ULa 

But  if  (A-lla)  is  true  it  follows  from  (A-9&)  and  (A-9b)  that  both  (A- 10a)  and 
(A~10b)  must  be  true.  Hence , if  either  (A- 10a)  or  (A-10b)  is  true,  the  other  is 
true  also.  It  follows  that  (A-lOa)  and  (A-lGb)  axe  equivalent  relations  and  either 
relation  nay  be  taken  as  a necessary  and  sufficient  condition  for  the  validity  of 
(A»Ua),  By  replacing  f by  t and  U by  u we  nay  put  (A-10a)  in  the  equiva- 
lent fora 

♦C-t,  u(t)]  - t,  u(t)]  A-llb 

w3iich  may  then  also  be  taken  as  a necessary  and  sufficient  condition  for  the  validi- 
ty of  (A-Ua). 

The  method  used  in  setting  up  the  relations  (A-8)  to  (A-ll)  could  have  been 
ruisd  equally  well  for  functional  can&inatlons  involving  any  finite  number  of  fuac* 
'-ions.  Thus  it  is  seen  that  if  the  spectrum  of  a waveform  f[t,  u(t),. . . ,u(t) J ha<r 
been  obtained  in  the  form 

spec  ♦Ct,  u(t),...,w(t)i  • T[f,  o(f w(f)]  , A-iaw 

u the  complementary  relation  may  be  written 

spec  ?Ct,  «(t),...,w(t)3  « *[f,  U(f),...,W(f>]  . A-12b 


f . • >v(t)3  • *[t,  u(t)|.  • * |V(  t)]  • 


A- 12c 


L 


When  (A-i2a)  takes  on  the  simplified  form 

spec  ,v(t)3  « Y[U(f),. ..  A-iJ* 

t.  my  be  considered  as  entering  explicitly  into  f as  a zero  power.  Relation 
(A-l£e)  is  thus  satisfied  and  it  follows  that 

spec  ,w(t)]  « tCu(f)»..* »W(f)3  . A-15b 

Actually  (A-15)  can  "be  nude  somewhat  more  general  in  form.  The  above  argu- 
ments can  he  used  to  show  that  when  (A- 12a)  takes  on  the  form 

spec  $[u(t), . . • ,w(t)]  » f[f,  U(f),...,W(f)]J.  A-14* 

then  (A- 12c)  is  satisfied  and  it  follows  that 

spec  Y[t,  u(t),...  ,»(t)3  » ♦[u(f),...,V(f)]  • A-l4h 

Similarly,  it  my  be  6een  that  if  (A-  12a)  takes  on  the  form 

spec  *[t,  u(t),.. . ,w(t)]  » T[U(f)/.../W(f))  , A-15* 

then 

spec  Y[u(t.),..,,w(t)]  - *[f , U(f),. . . ,V(fV,  A-15b 

la  k\30  true. 

The  usefulness  of  (A.-l^)  is  exemplified  in  (1-25)  and  (1-24)  since  either  of 
chese  latter  two  relations  follows  immediately  firm  the  other  by  application  of 
(A-I5).  Similarly  (i-28)  follows  from  (1-27)  by  application  of  (K-lk),  and  (1-27) 

A-5 


•1 

i 


\ 

3 


J 


*ould  have  followed  frae  (1-28)  by  application  of  (A-1J)  if  (1-28)  bad  beer  ob- 
tained first.  Equation  (1-44)  nay  be  taken  as  a special  example  of  {A- 12a), 
since  for  this  example  t enters  explicitly  in  f oily  in  the  4(  t),  which  la 
even,  thereby  satisfying  (A-12c).  That  ia 

rep  Cu(t)  rep  fi(-t)]  - rep  [u(t)  rep  6(t)]  . A-l£ 

8 B SB 

It  follows  that  (A- 12b)  aust  hold  for  this  special  example,  and  (A- 12)  nay  thus  „ 
be  applied  to  (1-44)  to  obtain  (1-45).  Other  examples  appear  la  what  follows 
Equation  (1-27)  &&y  be  set  into  (1-25)  to  obtain 

speo  (u(t)  reps  v(t)]  • j l/S  | conv-  [U(f),  V(f)  rep^g  4(f)) 

- 1 X/3  | J uU-fj)  V^)  repl/g  5(fx)  d^ 

- | 1/8  j / OCf-^)  % «(*,-: r/8)  dfj, 

- | l/S  | £r  / U(f-fx)  V(fx)  4(^/8)  df^ 

- | 1/8  J £r  U(f-r/3)  V,r/8)  A-17» 

Application  of  (A-.15)  then  gives 

epee  £r  u(t-rS)  v(r8)  - | l/8  } U(f)  rep.^  V(f)  A- 17b 

ftixiilarly  (l-27)  nay  be  set  into  (A- 17s)  to  obtain 

spec  [rep^  u(t)  repg  v(t)]  • J l/RS  | \l(f-r/8)  V(r/S)  rej^g  4(f-r/8> 

« | l/BS  0(f-r/s)  V(r/8)  3^  4(f-n/R-r/3) 

• | 1/R3  1 3^.  V(r/8)  U(f-r/8)  ft(f-n/a-r/s) 

- j l/RS  |£r  V(r/3)  3^  0(n/R)  6(f-n/R-r/3) 

Ar6 


A- 10* 


- I l/se  I ^ Zr  U(q/B)  T(r/B)  fi(f-n/R-r/s)  . 

Application  of  ( A- 12 ) to  (A-l8a)  then  give. 

,p“  E» E*  "t,*>  vCr*)  e(t-*-rS>  ■ i v*  i r^/t/Kt)  ^/gT(f) . V18k 

****  *°W  *n^>  *0B*  other  Pair*  of  relatione  illustrating  the  utility  of 
(*-12)  «*  (*-13)  « UM  UUUi.  *„  (A-19.)  maul*  vh«  (VMn)  j.  «t 

1*dt  1“0  1.  «t  Into  (1-27),  and  (A-21A)  vb.n 

<A-aO»)  1*  ~t  into  (1-23).  SiMlarly  (A-22.)  ana  (A-23*)  m ob- 

t*i“4  (A'1T*)  “ **»  *■>»»  (1-28)  *■*  ««  (1-28)  i.  „t  into  (A.17A).  * 

Of  thaw,  com.  tb.  oorro^dndlng  relation  denote  by  u»  ua.  of  a "b"  Mai 

of  « V to  th.  Wb.  «-»«•,  1.  obtained  fro.  the  V r.latlon  by  appUctloo 
ot  (Via)  or  on.  of  lta  alapunad  reraloo.  (*,13),  (A-1A)  m (*,15).  ^ 

(1-ii,)  i,  Mt  uto  (!.„)_ 

m.  «wvo  panama  could  bo  Cortina*  for  the  Moot  of  aom  and  nr, 
ctnjlloatud  wavefaraa.  «.  11«  „ M.  S „ adnata  to  Oluatrat.  tb.  n«bod 
»~^.r.  Ottor -W»U»  Wll  b.  dmlop*  „ th.  „*d  a«m.  jt  .ay  ba  vorth 
"OtlOB  that  (Vie,  .USS..U  » «tminn  „ d^nltUn  „f  «.  m*  notation 
(1-10)  to  two  functions.  Thus 

c<^RtB  * V*r  u(nR)  v(rS)  6(t-nH-r8)  ^ 

™*ea  xt  POMiW*  to  express  (a-18)  in  the  fora 

""  ^ ^ ”>*  «*»  *1^1  «*l/*,V.  W*>.  T(f)3, 

- I 1/2S  I 0(f)  r^/a  v(f)]  , A-*b 

10  Wth  (l-a5)  - «-*>•  *"  « -y  «.  definition 

«•  «»  oad,  function  to  any  flnlta  nutbor  of  function,  by  yrlttag . 

A-T 


confc_  _ _ [u(t),  v(t),..,v(t)] 

tifDj  m 9 • f X 

■ Zq  Er...S#  u(nR)  v(rS)."W(8S)  6(t-nR-r9-. . .-«T)  . 

It  a»y  then  be  shown  that 

spec  [repR  u(t)  rep^,  r(fc).  w(t)] 

- I V“—*  I 1/3,. ..,1/1  VtO, W<f)l 

spec  corah  „ „ [u(t),  v(t),. . ,w(t)] 

R,S,...,T 

• | 1/R3...T  | rep^  U(f)  rep^g  vCfJ.-.repj^yj  W(f)  . 


A-28ft 


A-26b 


The  definition  of  convolution  In  (lr3)  nay  toe  extended  to  any  masher  of 
functions.  Thus  for  three  functions  we. nay  write 

COOT  [U(t),  V(t),  v(t)3  * J*  J V(t^)  w(ti-tL-tg)  dtg 


- XJ«V  vft-tj-tj)  w(t?)  dt? 

- J / u(t-yt5)  rit2)  w(t5)  dt2  dt? 

c 

Krw,  equation  (1-23)  nay  toe  applied  to  itself  to  obtain 

spec  C«(t)  tr(t)  w(t)]  » conv  -ju(f),  conv  [V(f),  V/i)]]” 

- X^V  X V<f2)  W(f-fi-f£)  df2  df x 

- X X tti  **2 

• *0 mr  [U(f),  7(f),  W(f)] 

Application  of  (A-13)  then  gi/es 


A-JOa 


spec  cony  [u(t),  v(t),  w(t}]  - U(f)  V(f)  W(f)  . 


ft-vWo 


?he  extension  of  these  laat  results  to  products  and  convolutions  of  any 
fliiite  oconber  cf  functions  la  fairly  obvious.  Caution  Is  Indicated,  however, 
when  more  than  one  of  the  functions  jnultipiled  together  contain  6 functions. 
This  caution  applies  to  any  of  the  relations  in  which  the  products  of  general 
functions  la  indicated. 
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Spectrum 

1-1 

u<t) 

u(f) 

I-lS 

»(t) 

u(-f) 

1-17 

«(-♦) 

«(-f)  ' ' 

1-18 

n^t) 

TK-f) 

1-19 

*'{t) 

fitflf  U(f ) 

1-325 

Au(t)  «•  Mt) 

AU(f)  ♦ ERT<  r) 

1-80 

0(f)  exp( -2rrlXT ) 

1-41 

a(t/S) 

jlj  O(fT) 

1-J0 

«£(t-r),^P] 

1*1  U(fT)  W^-Sniff) 

1-13 

2*Ct(t) 

•lnc(f) 

1-J8 

r*ct(t^) 

|t|  *inc(#T) 

1-31 

exp(2rrl(pffc) 

1*0A 

4(t) 

« 

1 

1-15 

S(W) 

«xp(  -32frt.fr) 

1-39 

a(t)  exp(£Tficpt) 

U(f-<P> 

l-i*0 

ractCt)  axp(2nl<pt) 

#l»c{f-<p) 

i-  hi 

r©ct{t/l)  *xp(2rKUpt  + i$) 

|T|  aiacC(f-<p)T]  exp(l8) 

1-35 

co»(Sr*5>fc  + 8) 

(l/2)[4(f-«p)  exp(i8)  + i(f'Hp)  «*p(-S8)3 

1-37 

ccsa(Tapt) 

(l/4)C»(f-«p)  ♦ 26(f)  + 

1 52 

1 

6(f) 

A--6 

l/ttix 

A-7 

*'&•»(*) 

[6(f)  ♦ l/TTlfl/S 
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TABLE  2 


Equation 


to. 

Waveform 

Soectrum 

i-^5 

u(t)'v(  t") 

conv  [11(f),  V(f)] 

1-24 

oonv  [u(t),  v(t)] 

U(f)  V(f) 

1-27 

repR  u(t) 

| 1/R  | U(f ) repl/R  6(f) 

1-28 

u(t)  repR  6(t) 

| 1/R  | repi/R  0(f) 

1-44 

rep  Wt)  rep  6(t)) 

3 A 

} 1/RSl  rcp^U(f)  rep^s6(f) 

1-45 

repR  u(t)  repg6(t) 

f 1/RSj  repl/3  tlKf)  rep^  6(f)) 

A-13a 

v(t),  v(t)] 

T[U(f),  V(f),  W(f)j 

Arl3B 

7Mt),  v(t),  v(t)] 

♦Cu(f),  V(f),  V(f)) 

A-l?a 

u(t)  repg  v(t) 

1 l/s  I Ej.  U(  f-r/s)  V(r/S) 

A-17b 

E^t-rS)  v(rS) 

} 1/S  | U(f ) rep^g  V(f ) 

A-.1.8a 

repB  u(t)  reps  v(t) 

\ 1/33  f 2^  U(n/R)  V(r/3)  6(f-n/R-r/s) 

A-l8b 

E E u(nR)v(rS)6(t-nR-rS) 
n r 

| 1/RSj  repxyR  U(f)  rep^g  V(f) 

A-I90. 

u(t)  repg  v(t)  rep^  w(t) 

| l/sr|  EE  U(f-r/s-s/T)  V(r/s)  W(s/T) 

A-igfb 

ErEgu(  t-rS-«T)v(  rS)v(  sT) 

j l/ap|  rep^g  V(f)  rep^  W(f) 

A-20a 

rep  [u(t)  rep  v(t)) 

n 0 

| 1/RS|  Er  U(  f-r/S)  V(r/S)  rep^R  6(f) 

A-20U 

2 u(t-rS)  v(rS)  rep_  6(t) 
r n 

j 1/RS|  rep^  [U(f)  rep^VU)) 

A-21a 

u(t)  rep  (Mt)  rep  v(t)) 

S T 

| 1/Slj  2 E U( f-r/S)  V(r/S-s/T)  W(s/T) 
r s 

A-21b 

IyEsu(t-rS)v(r3-sT)v(  sT) 

j l/Stt'l  U(f)  r^ygMf)  rep^  W(f)) 

A-22a 

u(t)  reps  v(t)  rep^,  6(t) 

| 1/STi  Er  V(r/S)  repl/T0( f-r/s) 

A-22b 

Er  v(rS)  repT  u(t-rS) 

| 1/arr!  U(f)  repl/gV(f)  rep1/T  6(f) 

A-23a 

u(t)  repT[v(t)  repg  6(t)] 

| l/ST|  Zm  U(f-s/T)  E V(s/T-r/S) 

0 * 

A-2Jb 

2 u(t-sT)  2 v(sT-rS) 
s r 

| i/arj  u(f)  rep^CvU)  xe^3  6(f)) 

A-24 

rep^,  8(t) 

! i/R  1 *(*) 

A- lx 


L 


